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ABSTRACT

In a risky world, a pessimist assumes the worst will happen. Someone who ignores risk altogether is an
optimist. Consumption decisions are mathematically simple for both the pessimist and the optimist because
both behave as if they live in a riskless world. A consumer who is a realist (that is, who wants to respond
optimally to risk) faces a much more difficult problem, but (under standard conditions) will choose a level of
spending somewhere between that of the pessimist and the optimist. We use this fact to redefine the space

in which the realist searches for optimal consumption rules.

The resulting solution accurately represents

the numerical consumption rule over the entire interval of feasible wealth values with remarkably few

computations.

Keywords Dynamic Stochastic Optimization, Consumption-Saving Models, Numerical Methods

1 INTRODUCTION

Solving a consumption-saving problem using numerical meth-
ods requires the modeler to choose how to represent a policy
function. In the stochastic case, where analytical solutions are
generally not available, a common approach is to use low-order
polynomial splines that exactly match the function at a finite set
of gridpoints, and then to assume that interpolated or extrapo-
lated versions of that spline represent the function well at the
continuous infinity of unmatched points. Carroll [1] developed
the endogenous gridpoints method, which has become a stan-
dard tool for computing consumption at gridpoints determined
endogenously using the Euler equation.

Unfortunately, this endogenous gridpoints solution is not very
well-behaved outside the original range of gridpoints (though
other common solution methods are no better outside their own
predefined ranges). Figure 1 demonstrates the point: in the
presence of uncertainty, the consumption rule must be evalu-
ated outside any prespecified grid, because large shock realiza-
tions push next period’s assets beyond the grid boundaries. Al-
though theory proves that precautionary saving is always posi-
tive, the linearly extrapolated numerical approximation eventu-
ally predicts negative precautionary saving.

This error cannot be fixed by extending the upper gridpoint.
While extrapolation techniques can prevent this from being fa-
tal, the problem is often dealt with using inelegant methods
whose implications for accuracy are difficult to gauge.

This paper argues that, in the standard consumption problem,
a better approach is to rely upon the fact that without uncer-
tainty, the optimal consumption function has a simple analytical
solution. The key insight is that, under standard assumptions,
the consumer who faces an uninsurable labor income risk will
consume less than a consumer with the same path for expected
income but who does not perceive any uncertainty. Following
Leland [2], Sandmo [3], and Kimball [4], the ‘realistic’ con-
sumer, who does perceive the risks, will engage in ‘precaution-
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Figure 1: For Large Enough myr_;, Predicted Precautionary
Saving is Negative (Oops!)

ary saving, so the perfect foresight riskless solution provides
an upper bound to the solution that will actually be optimal. A
lower bound is provided by the behavior of a consumer who has
the subjective belief that the future level of income will be the
worst that it can possibly be. This consumer, too, behaves ac-
cording to the convenient analytical perfect foresight solution,
but his certainty is that of a pessimist perfectly confident in his
pessimism.

We build on bounds for the consumption function and limiting
MPCs established by Stachurski and Toda [5], Ma et al. [6],
Carroll [7], and Ma and Toda [8] in buffer-stock theory. Us-
ing results from Carroll and Shanker [9], we show how to use
these bounds to constrain the shape and characteristics of the
solution to the ‘realist’ problem characterized by Carroll [10].
Imposition of these constraints clarifies and speeds the solution
of the realist’s problem. For comparison, we use the endoge-
nous gridpoints method [1] as our benchmark, which computes
consumption at gridpoints determined endogenously using the
Euler equation.

After showing how to use the method in the baseline case, we
show how to refine it to encompass an even tighter theoretical
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bound, and how to extend it to solve a problem in which the
consumer faces both labor income risk and rate-of-return risk.

2 THE REALIST’S PROBLEM

Consider a consumer who correctly perceives all risks. The
consumer has CRRA utility with risk aversion parameter p > 0:

ifp#1

ifp = 1. M

c'r
m@:{tﬁ
logc

”r

This utility function satisfies prudence (u”’ > 0), which induces
precautionary saving. The consumer maximizes expected life-
time utility:

T-t
max E, Zﬁ"u(ct+n)] @)
n=0

subject to a, = m; = ¢, Prr1 = PiGrsts Y1 = Pre1inls
my; = aR;;; + y;r1, where m denotes market resources, p
permanent labor income, a assets, and y noncapital income. In-
come evolves via the Friedman-Muth process (Friedman [11]
distinguished permanent from transitory income; Muth [12]
provided the stochastic framework): G, = G 1¢,+1 With per-
manent shocks ¢ having mean unity and bounded support [, /]

where 0 < ¢y < 1 < ¢ < oo, and transitory shocks & taking

value 0 With_probability ¢ > 0 (unemployment) or ;1 /(1 — )
otherwise, with E[0] = 1.

This problem can be rewritten (see Carroll [13] for a proof) in
a more convenient form in which choice and state variables are
normalized by the level of permanent income, e.g., m = m/p.
When that is done, the Bellman equation for the transformed
version of the consumer’s problem is

3)

Vi(my) = max  u(c,) +BE[G, 1 Vie1 (1))

with Euler equation u’(c;) = SRE, [Qt_fl w(c1)]

For expositional simplicity, we assume p # 1 and set G = 1,
¢ = 1 (no permanent income growth or shocks), working with
the infinite-horizon formulation; results extend to general cases.
Parameter restrictions (below) are required.

We define the absolute patience factor ® = (SR)'/?. Carroll
and Shanker [9] shows that a finite solution requires: (i) finite-
value-of-autarky condition (FVAC) 0 < SG'E[y'*] < 1,
(ii) absolute-impatience condition (AIC) ® < 1, (iii) return-
impatience condition (RIC) ®/R < 1, (iv) growth-impatience
condition (GIC) ®/G < 1, and (v) finite-human-wealth condi-
tion (FHWC) G/R < 1. These patience conditions ensure the
consumption bounds and limiting MPCs used in our method.

3 THeE METHOD OF MODERATION
3.1 The Optimist, the Pessimist, and the Realist

As a preliminary to our solution, define #° as end-of-period
human wealth (the present discounted value of future labor
income) for a perfect foresight version of the problem of a
‘risk optimist:” a consumer who believes with perfect confi-
dence that the shocks will always take their expected value of
1, &4n = E[€] = 1 ¥V n > 0. The solution to a perfect foresight
problem of this kind takes the form

&(m) = (m + h)x “)
for a constant minimal marginal propensity to consume k.* We
similarly define 4’ as ‘minimal human wealth,” the present dis-
counted value of labor income if the shocks were to take on
their worst value in every future period &,.,, = € V¥ n > 0 (which
we define as corresponding to the beliefs of a “pessimist’). We
will call a ‘realist’ the consumer who correctly perceives the
true probabilities of the future risks and optimizes accordingly.

A first useful point is that, for the realist, a lower bound for the
level of market resources is the natural borrowing constraint
m = —h derived by Aiyagari [14] and Huggett [15], because
if m equalled this value then there would be a positive finite
chance (however small) of receiving &, = & in every fu-
ture period, which would require the consumer to set ¢ to zero
in order to guarantee that the intertemporal budget constraint
holds. Since consumption of zero yields negative infinite utility,
Zeldes [16] and Deaton [17] show that the solution to the real-
ist consumer’s problem is not well defined for values of m < m,
and the limiting value of the realist’s c is zero as m | m, where
w(u) — 0 as uy — —oo (established in Carroll and Shanker [9]).

It is convenient to define ‘excess’ market resources as the
amount by which actual resources exceed the lower bound, and
‘excess’ human wealth as the amount by which mean expected
human wealth exceeds guaranteed minimum human wealth:

n )]
Ah=h-h.

We now define the optimal consumption rules for the two
perfect foresight problems. The ‘pessimist’ perceives human
wealth to be equal to its minimum feasible value & with cer-
tainty, so consumption is given by the perfect foresight solution

(6)

c(m) = (m + h)k = Amk.

The ‘optimist,” on the other hand, pretends that there is no un-
certainty about future income, and therefore consumes

3Setting &4, = 1 (the optimist’s assumption), human wealth in
infinite-horizonis h = G/(R-G)ifR > G. When G =1, h = 1/(R-1).

4The MPC of the perfect foresight consumer: infinite-horizon k =
1-d/R.

5Setting Epn = §V n > 0, minimal human wealth is h = §G/(R—G)
ifR>G. When¢é=0,h=0.
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c(m) = (Am + Ah)k = c(m) + Ahk. @)

3.2  The Moderation Ratio

It seems obvious that the spending of the realist will be strictly
greater than that of the pessimist and strictly less than that of
the optimist.

Figure 2: Moderation Illustrated: c < ¢ < €

The proof is more difficult than might be imagined, but the nec-
essary work is done in Carroll and Shanker [9] so we will take
the proposition as a fact and proceed by manipulating the in-
equality:

¢(m+ Am) > e(m + Am) > ¢(m + Am)
—C(m + Am) < —&(m + Am) < —c(m + Am)
0< em+Am)—c(m+Am) < Ahk
(6@2+Am)—9@y+Amj
0<
Ahk
- ®)

where the fraction in the middle of the last inequality is the
moderation ratio measuring how close the realist’s consump-
tion is to the optimist’s behavior (the numerator is the gap be-
tween the realist and pessimist) relative to the maximum pos-
sible gap between optimist and pessimist. When w = 0, the
realist behaves like the pessimist (maximum precautionary sav-
ing); when w = 1, the realist behaves like the optimist (no pre-
cautionary saving). Carroll and Kimball [18] and Carroll and
Shanker [9] establish that under bounded shocks, w € (0,1)
strictly for all m > m. Defining g = log Am (which can range
from —oo to 00), the object in the middle of the last inequality is

_[(Cm+ ) —c(m + €)
w(p) = ( Ak ) , )]
and we now define
_ w(p)
X = log(l —w(ﬂ)) (10)

= log(w(u)) — log(1 — w(w))

3

which has the virtue that it is asymptotically linear in the limit
as u approaches +00.° The method uses standard transfor-
mations for unbounded domains: logit maps w € (0,1) to
X € (—o00,00) with inverse sigmoid w = 1/(1 + exp(—))); log
maps (m —m) € (0,00) to u € (—c0,00). As w — 1 (realist
approaches optimist), y — +co; as w — 0 (realist approaches
pessimist), y — —oo.

Given y, the consumption function can be recovered from

=W
—_——

1
— Ahk. 11
1 exp(—x) hi (b

t=c
Thus, the procedure is to calculate y at the points g correspond-
ing to the log of the Am points defined above, and then using
these to construct an interpolating approximation y from which
we indirectly obtain our approximated consumption rule ¢ (an
approximation to the true ¢) by substituting y for y in equation

().

Because this method relies upon the fact that the problem is
easy to solve if the decision maker has unreasonable views (ei-
ther in the optimistic or the pessimistic direction), and because
the correct solution is always between these immoderate ex-
tremes, we call our solution procedure the ‘method of modera-
tion.’

Results are shown in Figure 3; a reader with very good eyesight
might be able to detect the barest hint of a discrepancy between
the Truth and the Approximation at the far righthand edge of the
figure, a stark contrast with the calamitous divergence evident
in Figure 1.

nary Saving Gap

Normalized Market Resources (m)

Figure 3: Extrapolated ¢7_; Constructed Using the Method of
Moderation

4  EXTENSIONS

4.1 A Tighter Upper Bound

Carroll and Shanker [9] derives an explicit formula for the MPC
at the natural borrowing constraint: k = 1 — p'/°(®/R) where @
is the unemployment probability derived by Carroll and Toche
[19]. This provides a tighter upper bound near the constraint,
extending the explicit limiting MPC formulas established in

SUnder the GIC, y(u) is asymptotically linear with slope @ > 0
as g — +oo. We extrapolate y linearly using the boundary slope,
preserving w € (0, 1) and hence ¢ < ¢ < ¢ throughout the extrapolation
domain.
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Figure 5: Direct Mathod Comparison
EGM vs MoM Extrapolation Performance
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Figure 4: EGM vs MoM: Identical Sparse Grids, Different Ex-
trapolation Behavior

buffer-stock theory by Ma and Toda [8]. Strict concavity of
the consumption function implies €(m) < kAm for low wealth,
while the optimist’s bound €(m) < ¢(m) = (Am+ Ah)x is tighter
for high wealth.

The two upper bounds intersect at the cusp point:

k(h - h)
+—
K—K

m' = —h

(12)
This intersection occurs in the feasible region since k > « un-

der the stated conditions (the MPC is highest when wealth is
lowest).

For m < m*, define the low-region moderation ratio using the
tighter bound:

&(m+e)e ™ —k

() -
K—K

(13)

g

This ratio measures how far consumption per unit of wealth
exceeds the optimist’s MPC, relative to the maximum possi-
ble excess. Applying the logit transformation and interpolat-
ing as before yields consumption satisfying both upper bounds
throughout.

For computational robustness, construct a three-piece approx-
imation: below the cusp using the tight bound, near the cusp
using Hermite interpolation matching levels and slopes at ad-
jacent gridpoints, above the cusp using the original optimist
bound. This ensures continuous, differentiable consumption
functions respecting all theoretical constraints.

Figure 4: MoM Consu

mption Function
MoM Consumption Respects Theoretical Bounds

imption (c)

Consu

Figure 5: A Tighter Upper Bound

Figure 12: Cusp Point and Upper Bound Envalope
Where Optimist and Tighter Bounds Intersect

onsumption (c)
\

[
\ \
\

Normalized Market Resources (m)

Figure 6: Cusp Point: Intersection of Optimist and Tighter Up-
per Bounds

4.2  Value Function

Often it is useful to know the value function as well as the con-
sumption rule. Fortunately, many of the tricks used when solv-
ing for the consumption rule have a direct analogue in approxi-
mation of the value function. Define the inverse value function
transformation A = (1 - pw)"/0, which under perfect foresight
equals (Am + Ah)k*/(1=P) (linear in market resources). The
value moderation ratio £ measures proximity to the optimist’s
value, with logit transformation X applied as before. Interpo-
late X at gridpoints and invert to obtain ¢ = u(A).

4.3 Hermite Interpolation

The numerical accuracy of the method of moderation depends
critically on the quality of function approximation between
gridpoints [20]. Our bracketing approach complements work
that bounds numerical errors in dynamic economic models [21].
Although linear interpolation that matches the level of € at the
gridpoints is simple, Hermite interpolation [22] offers a consid-
erable advantage.

The moderation ratio derivative measures how quickly the real-
ist approaches the optimist as resources increase:

ow

Am(oe/0m — k)
ou '

2 (14)

Differentiating (11) with respect to m yields a moderation form
for the marginal propensity to consume:

R -+ (15)
om =
where
Ah
n=— 2" swou (16)
K—K Am

Theory guarantees k < 0¢/dm < k at gridpoints where the Euler
equation holds. At very high wealth, . —» 0 and the MPC
approaches k; near the borrowing constraint,  — 1 and the
MPC approaches k.

For Hermite interpolation, compute dw/du at gridpoints, then
derive dy/0u = dw/du/[w(l — w)] for slope data. By match-
ing both the level and the derivative of the ¢ function at the
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gridpoints, Benveniste and Scheinkman [23] and Milgrom and
Segal [24] show that the consumption rule derived from such
interpolation numerically satisfies the Euler equation at each
gridpoint for which the problem has been solved. These tech-
niques extend naturally to the value function approximation.

4.4 Stochastic Rate of Return

For i.i.d. returns with log R ~ N(r + 7 — 02/2, 0°2), Samuelson
[25], Merton [26, 27] showed that for a consumer without labor
income (or with perfectly forecastable labor income) the con-
sumption function is linear, with an MPC = 1 — (BE[R'])!/~.
See Carroll [28], Benhabib et al. [29] for extensions. Simply
substitute this stochastic MPC for k throughout our formulas.
The pessimist and optimist still perceive their income streams
with certainty, but both face the same stochastic return; thus the
Merton-Samuelson result applies to them and their consump-
tion functions remain linear. The realist, however, faces both
labor income uncertainty and rate-of-return risk, so the mod-
eration ratio captures the combined precautionary response to
both sources of uncertainty. All moderation ratio calculations
proceed identically. Extensions to serially correlated returns
require tracking the return state as an additional state variable,
complicating the analysis but not fundamentally altering the ap-
proach.

Figure 13: Deterministic vs Stochastic Return Bounds
Effect of Return Uncertainty on Consumption Bounds

Normalized Market Resources (m)

Figure 7: Effect of Return Uncertainty on Consumption Bounds

5 CONCLUSION

The method proposed here is not universally applicable. For
example, the method cannot be used for problems for which
upper and lower bounds to the ‘true’ solution are not known.
But many problems do have obvious upper and lower bounds,
and in those cases (as in the consumption example used in the
paper), the method may result in substantial improvements in
accuracy and stability of solutions.

A APPENDIX: MATHEMATICAL DETAILS

A.1 Patience Conditions Details

The patience conditions listed in the main text have clear eco-
nomic interpretations. The FVAC 0 < BG'E[y'™] < 1
ensures autarky (consuming zero forever) has finite disutil-
ity, guaranteeing the consumer values resources. The AIC
@ < 1 prevents indefinite consumption deferral by ensuring the
marginal utility of current consumption exceeds the discounted

5

marginal utility of future consumption under certainty. The
RIC ®/R < 1 ensures asset growth is slower than the patience-
adjusted discount rate, preventing unbounded wealth accumu-
lation. The GIC ®/G < 1 ensures consumption grows slower
than permanent income, establishing a target wealth ratio. The
FHWC G/R < 1 ensures the present value of future labor in-
come is finite. Together, these conditions partition parameter
space into regions with qualitatively different behavior: buffer-
stock saving with a target wealth ratio (all conditions hold),
perpetual borrowing (AIC fails), or unbounded wealth growth
(GIC fails but RIC holds) [10, 13, 9].

A.2  Human Wealth Formulas

The optimist’s human wealth (assuming &, = 1V n > 0) can
be computed three ways: backward recursion hr = 0, h, =
(G/R)(1 + hyyy); forward sum 7, = Y!7/(G/R)"; or infinite-
horizon i = G/(R—-G) whenR > G. WithG = 1,h = 1/(R-1).
The pessimist’s human wealth (assuming &, = ¢é€ VY n > 0)
follows similarly: backward recursion A, = 0, h, :_(G/R)(f +

h,,,); forward sum h, = 2 {(G/R)"; or infinite-horizon h =
gG/(R G). When§ O(unemployment),@ 0.

A.3  Marginal Propensity to Consume Formulas

The minimal MPC (perfect foresight consumer with horizon
—1t) has three forms [7]: backward recursion k, = k,, ,/ (K

(I)/R) with k;, = 1; forward sum K, (Zn O(CD/R)”

infinite-horizonk =1 -®/R =1 - (Rﬂ)l/p/R.

The maximal MPC [19] satisfies backward recursion k; =

1 — pP(®/R)(1 + Ryy1) with &z = 1; forward sum &, =
- p'P@/R) X1 (g)'/P((D/R))n; or infinite-horizon k = 1 —

9'/P(®/R).

t+1

A.4  Moderation Ratio Slope Formula

The moderation ratio slope needed for Hermite interpolation is
derived from differentiating (9) from the main text. Using the
chain rule:

&(m + et') — c(m + €)
Ahk

ow _ 9
ou  ou

a7
Since det /0p = e = Am and c is linear with slope «, this yields

ow

Am(0e/0m — k)
o ’

v (18)

A.5 Asymptotic Linearity and Extrapolation

Under the GIC, the logit-transformed moderation ratio x(u)
is asymptotically linear with slope a = lim,_ e % > 0 as
H — +oo. This slope may equal zero in theory, but is strictly
positive on finite grids. For practical implementation, extrap-
olate y linearly using the positive boundary slope computed
at the highest gridpoint. This linear extrapolation preserves
w € (0,1) and hence ¢ < ¢ < ¢ throughout the extrapolation



PREPRINT —

domain, even if the theoretical limiting slope vanishes. The
asymptotic linearity property is crucial because it allows the
method to accurately represent the consumption function far
beyond the range of gridpoints where the Euler equation was
solved, without ever violating the theoretical bounds.

A.6  Cusp Point Calculation

The two upper bounds intersect at the cusp point m* where

(Am* + Ah)k = kAm"
KAh
Am* = =
K-k 19)
, k(h—h)
m' = —h+= —

— )

K-k

where Am* = m* —m > 0 since k > k. For m € (m,m"], the
tighter upper bound yields

Amk < &(m + Am) < kAm
0< &(m+Am)—Amk < Am(k —K) (20)
&(m+Am)—Amk
0< (—Am(k—g) ) < 1.
We define the low-region moderation ratio as
N e(m+e)e™ —k
op) = ———, (2D

K—K
which measures how far consumption per unit of wealth ex-
ceeds the pessimist’s MPC (k) relative to the maximum possible
excess (kK — K).

A.7 Value Function Derivation

Under perfect foresight, consumption grows at constant rate ®:
Cn = ¢, ®". The present discounted value of consumption sat-
isfies PDV! (¢) = 3170 B¢, @" = ¢, 3 7_}(D/R)", where we use
BO!? = ®/R. Dividing by consumption yields the PDV-to-
consumption ratio C/' = PDV/ (¢)/¢, = Y] (@/R)" = k!,
which is unchanged for normalized variables. This yields the
key identity C = «~! in the infinite-horizon limit, connecting
the PDV-to-consumption ratio to the minimal MPC.

The optimist’s value function satisfies

Vr_1(mr_1) = u(cr-1) + pulcr)

= u(cr1) (1 +50' )

(22)
= u(cr-1) (1 + @/R)
= u(cr-1)Ch_,
The general expression becomes
v(m) = u(c(m))C
= u@(m)k
= u((Am + Ah)Kk™! (23)

[(am+ AW /(1 = p)] - [ -
=uw(Am + Ah)k™".

6
This can be transformed as
A= (1 -pW)
- CCI/(l—p) (24)

(Am + Ak P/1P),

For the realist’s problem, we define A = (1 - py9m)'/". Using
the bounds A < A <A, we define

) = ( (25)

A(m + &) — A(m + €)
Ahk V(=)

and:

. Q)
X =1 _—
W %“ﬁw)
= log(Q(w)) — log(1 — Q(u))

(26)

Inverting these approximations yields

=0
—_—
R 1 1/(-p)
A=A+|—|AhC/'" P 27
1 +exp(—X) -
from which the value function approximation is v = u(d).

A.8 Hermite Interpolation: Slope Derivations

The logit transformation slope follows from the chain rule [20,
21]:

ow/ou
w(l — w)

where dw/dpu is from (18). For monotone cubic Hermite
schemes [22, 30, 31], theoretical slopes may be adjusted to en-
force monotonicity [32]. The Fritsch-Carlson algorithm mod-
ifies slopes at local extrema, while Fritsch-Butland uses har-
monic mean weighting. Both preserve the shape-preserving
property essential for consumption functions that must be
strictly increasing.

a)(_a[

- o logw —log(1 — w)] =

(28)

The MPC weight derivation starts from differentiating (11)
from the main text with respect to m:

om = om " o )

Since ¢ has constant MPC and A# is constant, d¢/0m = k and
Ow/0m = (Ow/op)-(Opu/0Am)-(0Am/dm) = dw/du-(1/Am)-1.
This yields

o6 _ . 0wlopihg

Ah
Am 5(1 + maw/a,u). (30)

Factoring as a weighted average between k and k gives (15)
from the main text, with weight
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K Ah

]I:I_(_E (31)

A.9 Stochastic Returns: MGF Derivation

The moment generating function (MGF) for lognormal returns
provides the key formula. For logR ~ N(u, o?), the MGF is
E[e*X] = exp(us + 0>s?/2) where X = logR. Setting s = 1 —p
and u = r + 1 — 022 yields

2 22
E[R!™] = exp((l —p)(r+71— ﬁ)+ %

> ) . (32

Simplifying the variance terms: (1 — p)2o'% /2—-(1 - p)(r% /2 =
(1-p)(1-p)=1]02/2 = (1-p)(—p)c2/2, giving the final form

E[R'™] = exp((1 - p)(r + ) + (1 = p)(1 = 2p)02/2).  (33)
For serially correlated returns, the return state becomes an ad-
ditional state variable, requiring two-dimensional interpolation
of the moderation ratio.

A.10 Shock Discretization

Continuous shock distributions require discretization. The
Tauchen method [33] constructs a Markov chain by dividing
the state space into bins. The Tauchen-Hussey method [34]
uses Gaussian quadrature, often requiring fewer states for com-
parable accuracy. For unemployment shocks, assign probabil-
ity g to zero income and (1 — g) across positive realizations.
Choose gridpoints and shock points via convergence analysis.
The method of moderation is efficient because the transformed
moderation ratio is better-behaved than consumption, requiring
fewer gridpoints.
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